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, Abstract 



In this paper, we study the rational cohomology rings of indefinite Kac-Moody groups and 
their flag manifolds. By extracting the information of cohomology from the Poincare series, we 
| are able to determine the rational cohomology rings of Kac-Moody groups and their flag mani- 

folds. Since Kac-Moody groups and their flag manifolds are rational formal, we also determine 
| their rational homotopy groups and rational homotopy types. 

m 



1 Introduction 

Let A = (dij) be an n x n integer matrix satisfying 

(1) For each i, an = 2; 

(2) For i ± j, Oij < 0; 

(3) If djj = 0, then aji = 0. 
then A is called a Cartan matrix. 

By the work of Kac[15j and Moodv[2"5] it is well known that for each n x n Cartan matrix 
A, there is a Lie algebra g(A) associated to A which is called Kac-Moody Lie algebra. Then Kac 
and Peterson[T7][r5][T2] constructed the Kac-Moody group G{A) corresponding to the Lie algebra 
g(A). In this paper we consider the quotient Lie algebra of g(A) modulo its center c(g(A)) and the 
associated simply connected group G(A) modulo C(G(A)), for convenience we still use the symbols 
g(A) and G(A). 

Kac-Moody Lie algebras and Kac-Moody groups are divided into three types. 

(1) Finite type, if A is positive definite. In this case, G(A) is just the simply connected complex 
semisimple Lie group with Cartan matrix A. 
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(2) Affine type, if A is positive semi-definite and has rank n — 1. 

(3) Indefinite type otherwise. 

Denote the Weyl group of g(A) by W(A), then 

W{A) =< <r u ■ ■ ■ ,a n \af = 1, 1 < i < n; ((TiCTj) 171 *' = l,l<i<j <n> . 

where o"i, 02, • • • , o n are the Weyl reflections with respect to n simple roots a\, ct2, ■ ■ ■ , ot n of g(A), 
rriij = 2, 3, 4, 6 and 00 as a^aji = 0, 1, 2, 3 and > 4 respectively. 

Each element w € W(.A) has a decomposition of the form w = ■ ■ ■ (jj, , 1 < i%, ■ ■ ■ , i/~ < n. 

The length of if is defined as the least integer A; in all of those decompositions of w, denoted by 

l(w). The Poincare series of g(A) is the power series Pa(q) = Yl q 2l ( w \ 

weW(A) 

For the Kac-Moody Lie algebra g(A), there is the Cartan decomposition g(A) = h © Yl g a , 

aeA 

where h is the Cartan sub-algebra and A is the root system of g(A). Let b = h(B ^ g a be the 

aeA+ 

Borel sub-algebra, then b corresponds to a Borel subgroup B(A) in the Kac-Moody group G(A). 
The homogeneous space F(A) = G{A) / B{A) is called the flag manifold of G(A). By Kumar[26j, 
F(A) is an ind-variety. 

The flag manifold F{A) admits a CW-decomposition of Schubert cells which are indexed by 
the elements of Weyl group W(^4). For each w G W(^4), the real dimension of Schubert variety X w 
is 21 (w). So the Poincare series of flag manifold F{A) is just the Poincare series Pa(q) of g(A). 

By the well known results about the cohomology and Poincare series of flag manifolds of Kac- 
Moody groups, for example see Kichiloo[23] and Kumar [26]. it follows that: the rational cohomology 
rings H*(G(A)) and H*(F(A)) are locally finite. Hence they are generated by countable number 
of generators. Steinberg|32j proved that the Poincare series Pa(q) of the Kac-Moody flag manifold 
F(A) is a rational function. 

The rational cohomology rings of Kac-Moody groups and their flag manifolds of finite or 
affine type are extensively studied by many algebraic topologists. For reference, see Pontrjagin[30j, 
Hopfpl], Borel [2] [3] [I], Bott and Samelson[5], Bott[6], Milnor and Moore[27], Chevalley[8], Bern- 
stein, Gel'fand and Gelfand[lJ, Demazure[9j, Kostant and Kumar [24J and Kichiloo[23j etc. 

Below is the well known theorem about the rational cohomology of Hopf spaces. 

Theorem (Hopf): Let G be a connected H-space which has the homotopy type of a CW-complex, 
then the rational cohomology rings H*(G) is a Hopf algebra and as algebra it is isomorphic to the 
the tensor product of a polynomial algebra P(Vq) and a exterior algebra A(Vj), where Vq and V\ 
are respectively the set of even and odd degree free generators of H*(G). 

For a Kac-Moody group G(A), H k (G(A)) is a finite dimension rational vector space for each 
k > 0. Denote the number of degree k generators in V = Vq U V\ by then the Poincare series of 
G(A) is 

An important result is 

Theorem 1: The cohomology ring H*{G{A)) is determined by its Poincare series. 

The Poincare series for finite and affine type Kac-Moody groups and their flag manifolds are 
known. The computations of Poincare series for hyperbolic Kac-Moody flag manifolds are discussed 
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in Gungormez and Karadayi[10], Chapovalov, Leites and Stekolshchik[7j. The general indefinite 
case is considered by the authors in [13] [T3] . 

But for rational cohomology rings of indefinite Kac-Moody groups and their flag manifolds, 
little is known. In fact except for n < 2(see [23]), not a single case is computed. So a natural 
question is 

Problem: Compute the rational cohomology rings for Kac-Moody groups and their flag manifolds 
of indefinite type. 

In this paper our main goal is to solve this problem. Since Kac-Moody groups and their flag 
manifolds are rational formal [31], their rational homotopy types are determined by their rational 
cohomology rings. Our strategy is: 

(1) Compute the Poincare series Pa(q) of F(A) from the Poincare series of G(A) by applying 
Leray-Serre spectral sequence; 

(2) Compute the Poincare series Pa(q) of F{A) from the Cartan matrix A by using the method 
in [13] [H]; 

(3) Determine ik,k > 1 in Equation (1) by comparing the Poincare series obtained in (1) and 

(2). 

Let the classifying map of principal S(^4)-bundle ir : G(A) — > F(A) be j : F(A) — > BB(A), 
where BB(A) denotes the classifying space of Borel subgroup B(A). There is a homotopy fibration 

G(A) — ► F(A) -A BB(A). By analyzing the Leray-S erre spectral sequence, we show 
Theorem 2: For a Kac-Moody group G{A) with Poincare series Pg(q) as hi equation (1), the 
Poincare series of F(A) is 

oo 

II (1 - q 2k f^ 

= ^ fl - 2)n "oo " • (2) 

V 1 1 > fl (1 - q 2k Y^ 
k=l 

For a Kac-Moody group G(A), it is shown by Kac[20] that the set V\ is a finite set and the 
number I of elements in V\ is less or equal to n. So the exterior algebra part of H*{G{A)) is of 
finite dimension. 

Theorem 3: Let Pa(q) be the Poincare series of flag manifold F(A), then the sequence i 2 — 11,14, — 
*3) • ' • )^2fc — ^2fe-ii ' ' • can be derived from Pa(q)- In fact Pa(q) can also be recovered from the 
sequence i 2 - h,U — 13,-' >*2Jfc - «2fc-i, 

But to determine the rational homotopy type and rational cohomology of G(A), we need to 
determine the sequence i\, ik, •• •■ So except for the Poincare series Pa(q), more ingredients are 
needed. If we can determine all the degrees of elements in Vi, then we will determine the sequence 
h,h, ' ' •) *2fe-i> ' ' '• Combining with Theorem 3, we also determine the sequence i 2 , H, ■ ■ •, i 2 k, ' • "> 
hence work out the rational cohomology ring and rational homotopy type of G(A). 

By Kac[20], Kac and Peterson [21] the sequence i\, i^, ■ ■ ■ , i 2 k-i, • • • can be determined by the 
ring of polynomial invariants of Weyl group W(-A). In fact i 2 k-i is just the number of degree k 
basic invariant polynomials of W(-A). 

In |34] the authors prove the following result. 

Theorem 4: Let A be an indecomposable and indefinite Cartan matrix. If A is symmetrizable, 
then 1(A) = Q_[ip}; If A is non symmetrizable, then 1(A) = Q. Where 1(A) is the ring of polynomial 
invariants of Weyl group W(j4), and ip is a invariant bilinear form on g(A). 
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This theorem is a generalization of Moody's result (see [29]) for symmetrizable hyperbolic Car- 
tan matrices. 

By Theorem 4, for an indecomposable and indefinite Cartan matrix A, *2fc— l = f° r all A; > 
except for k = 2. And for k = 2, if A is symmetrizable, i% = 1; If A is non symmetrizable, is = 0. 
Hence the sequence i\, i$, ■ ■ ■ , i 2 k—i, • • • is worked out. Combining with Theorem 3 we eventually 
determine the sequence i\, i 2 , ■ ■ ■ , ik, • • • ■ As a consequence the rational cohomology and rational 
homotopy types of the Kac-Moody group G(A) and its flag manifold F(A) are determined. 

This paper is organized as below. In section 2, we introduce some algebraic and combinatorial 
results we needed. In section 3 we discuss the decompositions of order of Weyl group VF(t4) and 
Poincare series of flag manifold F(A). In section 4 we compute the Poincare series Pa(q) of flag 
manifold F(A) from the Poincare series Pg(q) of G(A) via Leray-Serre spectral sequence. The 
main theorem of this paper will be concluded in Section 5. And an example is given in section 6. 

2 Some algebras and combinatorics 

Let Zi[q] be the set of power series of q with integer coefficients and the constant item 1. That is 
for f(q) G Zi[q], 

f(q) = l + ai q + a 2 q 2 H h a k q k H , a k G Z, k > 0. 

We have the following result. 

oo 

Proposition 1: f(q) G %i[q] can be expanded uniquely into the form of products Yl (1 — q k ) lk , 

k=l 

where , ife, • • • are integer sequence. 

Proof: For f(q), we define an integer sequence , ife, • • • inductively. 

At first we set i x = a x . Let / (1) (<?) = f(q)/(l - q) h , then /W G Zi[g] and 

/(D(g) = 1 + a^g 2 + 4V + • • • + a«g fc + • • • . 
Set i 2 = 4 1} and let f^{q) = f W (q)/(l - q 2 ) i2 , then G Z x [g] and 

/(2)( (? ) = l + 4 2 ) (? 3 + a (2) (? 4 + ... + a (2) (?fc + ... > 

(2) 

Set i3 = a 3 and continue the same procedure we get integer sequence i\, i 2 , ■ ■ ■ , i&, • • • . 

By checking the previous procedure and comparing the coefficients of the power series con- 
cerned, we prove the uniqueness of the sequence ii,i 2 , ■ ■ • 

We call the sequence h,i 2 ,-" ,i>ki'" the characteristic sequence of power series f(q). By 
Proposition 1, there is a one to one correspondence between Zi[g] and the set of integer sequences 
indexed on the set N of natural numbers. And if fi(q),f2(q) correspond to the integer sequences 
H)*2>*" >*fcj"" an dji,j2>''' lift) '"> then the product fi(q) /2(g) corresponds to integer sequence 
H +jl,«2 + J2, • • • ,ik+ jk,-- - ■ 

The Poincare series Pa(q) °f ^(^) i s °f the form PA{q) = G(q 2 ). By applying Proposition 1 
to G(g) we will prove Theorem 1. 

The characteristic sequence ii, i 2 , ■ ■ ■ , ife, • • • can be computed by using Mobius Inversion The- 
orem. 
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Proposition 2: Let f(q) £ Zi[g], suppose hi(f(q)) = b iq + ^q 2 ■■■ + ^q k + • • • , then 



n\k 



Proof: For 



f(Q) = U( i -i k y k 

k=l 

oo 

take "In" to the two sides of equation f(q) = — q k ) lk , we get 



k=i 



b 1 q+ b -lq 2 ---+ b -±q k + --- = lnf[(l-q k y* 



k=l 



OO OO OO fc n oo oo oo , 

the right side= £ * fc ln(l - <Z*) = £ ^ = £ £ ^ = EE 

fc=l fc=l n=l fe=ln=l n=l fe| n 

By comparing the coefficients of the two sides we get Y k ■ ik = b n 

k\n 

We need the following theorem to compute ik- 
Mobius Inversion Theorem: Let F(n),f(n) be two sequences indexed on natural numbers, if 
F(n) = Y /(&)> then f(k) = Y ^(n)F(k/n), where fi(n) satisfies: 

k\n n\k 

(1) When n = l,/i(n) = 1. 

r 

(2) When n= Yl Pi, n(n) = (— l) r , where PiS are different prime integers. 

i=i 

(3) n(n) = otherwise. 

By the Mobius Inversion Theorem, from Y k ■ ik = b n we get 

k\n 

k-i k = ^2^(n)b k/n 

n\k 

Example 1: If /(g) = 1 — 2q, then in this case, b n = 2 n , so 

k ■ ik = ^2 ^{d)2d. 
d\k 

Take k = 18, all the divisors of 18 is 1, 2, 3, 6, 9, 18 and 

/i(l) = l,/i(2) = -1,A*(3) = -1,M(6) = l,/i(9) = m(18) = 0, 

then 18«i8 = 2 18 - 2 9 - 2 6 + 2 3 , so »i 8 = 14532. 

We list the computation results as below for 1 < k < 18. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 




2 


1 


2 


3 


6 


9 


18 


30 


56 


99 


186 


335 


630 


1161 


2182 


4080 


7710 


14532 
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3 Decompositions of Weyl groups and Poincare series 

Let G(A) be a Kac-Moody group and W(-A) be its Weyl group. From the definition of Poincare 
series PA(q), we see as q approaches to 1, Pa(q) tends to |W(A)|(the order of W(A)). Hence the 
Poincare series Pa{q) = ^2 q 21 ^ can be regarded as deformation(or quantization) of |W(-A)|. 

weW(A) 

For classical Lie group of type A n , G(A n ) = SL(n + 1,C). The Weyl group of G{A n ) is 
W(A n ) = S n +i, the permutation group of set {1,2, •• • ,n,n+l}, \W(A n )\ = (n + 1)!. The Poincare 

n+l I _ g2k J _ q2k 

series of flag manifold F(A n ) = SL(n + 1,C)/B is PA n (q) = Y\ ~j 5~- ^ we se t M = ~j o - ' 

i=1 1 — q 1 — q 

then as g approaches to 1, [A;] approaches to fc. The Poincare series is [n + 1]! = [n + l][n] • • • [1]. 
In fact for the Kac-Moody group G(yl) of finite type, if 

ff*(G(i4)) A(xi, x 2 , • • • , ^n), degx fc = 24 - 1, 

n n 

then |W(^4)| = • [ d k and Pa(?) = j I [4], where cZ^'s are the degrees of the basic invariant 

k=l k=l 

polynomials of W(-A). 

For a Kac-Moody group G{A) of affine or indefinite type, |W(-A)| is infinite, so at first sight 
the decomposition of |W(-A)| is meaningless. But if we consider Pj^(q), through a regularization 
procedure as in quantum fields theory, we can give an interesting decomposition. 

Let G(A) be an untwisted affine Kac-Moody groups with A the extended Cartan matrix of a 
Cartan matrix A of finite type. For the flag manifold F(A), the Poincare series is 

P A (q) = P A {q) I] t _ a2dk -2 = flfallook-l. 

i=l q k=l 

where [oo] k = 

So we have the decomposition |W(A)| = Yl dk Yl °°d k -i- 

k=l k=l 

For the Weyl groups and Poincare series of twisted affine flag manifolds, the computation 
results are almost the same as the twisted case. The decomposition of order of Weyl groups and 
Poincare series for indefinite case can also be done. But due to the relation [k] = [oojxfoo]^" 1 , the 
decomposition is not unique. For details see fH] . 

4 Leray-Serre spectral sequence 

In this section we use the Leray-Serre spectral sequence of fibration G(A) A F(A) 4 BB(A) to 
compute the cohomology and Poincare series of F(A) from those of G(A). For reference see [33J. 

BB(A) is homotopic to the n-fold Cartesian product of classifying space of BC*(C* = C — {0}), 
denote the cohomology generators of H*(BB(A)) by ■ ■ ■ ,w n ,degWj = 2, the free generators of 
Vi by V1 > " " ' > Vl i an d the free generators of Vq by z\ , ■ ■ ■ , z\. , ■ ■ ■ . Where oj\ , • • • ,u n correspond to 
the fundamental dominant weights of g(A). We have the spectral sequence (Er' 9 ,d r ) with 

E™ = H p (BB(A); H q (G(A))) =QK-- - ,u n ] ® A( Vl , ■ ■ ■ ,yi) ®Q[zx,--- ,z k ,---]. 
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The differential d 2 : E%' g -> £f +2 ' 9 1 is given by d 2 (^i <g> 1) = 0, d 2 (l ® z k ) = and d 2 (l ® j/j) = 
/j ® 1, 1 < j < I, where G H*(BB{A)) is a polynomial of cjj, 1 < i < n. A routine computation 
shows 

ircF(A)) = e* 3 '* q[ Ui , ■ ■ ■ , Un y <fj,i<j<i> ®®[zi, •••,**,■••]• 

By Kac[20], /i, •••,// is a regular sequence in H*(BB(A)), so I < n. Therefore we conclude 
that the Poincare series of F{A) is given by the Formula (2). This proves the Theorem 2. 

By simplifying the Formula (2), we get 

1 1 

Pa ^> ~ (l _ 2\n+i 2 -ii ~& ~ : ^ 

fc=2 

By using Proposition 1 to Equation (3), we prove the Theorem 3. 



5 The rational homotopy type of G(A) 

The Poincare series Pa(q) can be computed easily by an inductive procedure, see |13||14j for 
example. From Pa(q) w e can compute the sequence %i — 11,14 — 13, ■ ■ ■ ,12k — hk-i, " ■ But to 
determine the rational homotopy type of G(A), we need to determine the sequence ii, »2j ■ " ■ >*'&>•••• 
So except for the Poincare series Pa{(1), we need more ingredients. Theorem 4 fills the gap. For its 
proof, see [34] . 

By Theorem 4 for indecomposable and indefinite Cartan matrix A, 11,13, ■ ■ ■ ,i 2 k+i, ■••is de- 
termined, combining with Theorem 3, we determine the complete sequence i\, i 2 , ■ ■ ■ , ik, • • • ■ 

Since G(A) is a simply connected group, we get i\ = 0. By virtue of Schubert decomposition, 
we know that H 2 (F(A)) is spanned by the Schubert classes corresponding to n Weyl reflections. 
So n + i 2 — i\ = n, hence i 2 = 0. To determine 13 we need the following definition which is well 
known in Kac-Moody Lie algebras theory. 

Definition 1: An n x n Cartan matrix A is symmetrizable if there exist an invertible diagonal 
matrix D and a symmetric matrix B such that A = DB. g(A) is called a symmetrizable Kac-Moody 
Lie algebra if its Cartan matrix is symmetrizable. 

The symmetrizability of a Cartan matrix A is intimately related to the existence of non de- 
generate invariant bilinear form ip on g(A). From Theorem 4, it follows directly that If g(A) is a 
symmetrizable Kac-Moody Lie algebra, then 13 = 1, otherwise 13 = 0. And i 2 k-i = for k > 3. 

Set e(A) = 1 or depending on A is symmetrizable or not as in [20], then we can state our 
main theorem as below. 

Theorem 5: For an indecomposable and indefinite Cartan matrix A, if A is symmetrizable, then 

iJ*(G(^))^AQ(y 3 )®QNi,-- - ,**,•••] 

and 

H*(F(A))^Q[ui,--- ,u n ]/ <i/>><m[zi,'~ ,Zk,'~]- 
If A is non symmetrizable, then 

H*(G(A)) = Q[zi, ■ ■ ■ , Zfc, • • ■ ] 
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and 

H*(F(A)) =Q[o;i,-- - ,w„] ® Q[*i,--- ,z k ,---]. 

where degz^ > 4 are even for all k and their degrees can be determined from the Poincare series 
P A {q) and e(A). 

The rational homotopy groups and the rational minimal model of the Kac- Moody group G(A) 
and its flag manifold F{A) can be computed from this theorem easily. 

Kumar [25] proved that for Kac-Moody Lie algebra g(A), the Lie algebra cohomology H*(g(A),C) 
^ H*(G(A)) <g> C, so we also compute H*(g(A),C). 

6 An example 

We end this paper by the following example. 

Example 2: Let A be a rank n Cartan matrix A which satisfies a^aji > 4 for all i ^ j, then the 
Weyl group of G(A) is 

W(A) =< (Ji, • • • ,a n \af = 1, 1 < i < n > . 

The length k elements in are in one to one correspondence to the words cr^cr^ ■ ■ ■ Oi k satisfying 

it 7^ it+i, 1 < t < k — 1. So the number of length k elements in PF(A) is n{n— and the Poincare 

series is 

P A (q) = f>(n - 1)*"V* = 1 1 + 

fro l-(n-iy 

By the well known Witt formula(see [22] ) 

oo 

1 -ng= JJ(1 -g fc ) dimi « 
fc=i 

oo 

where L n is the free graded Lie algebra generated by n elements with degree 1 and L n = @ L k n . 

k=l 

dimL^ is the dimension of the degree k homogeneous component of L n . It is computed by using 
the Mobius Inversion Theorem. See Example 1 for the case n = 2. Hence 

p , N _ 1-g 4 1 

HO-- q 2k ) 

k=2 

From the expression of P A (q), we get: 

If A is symmetrizable, then i\ = i% = 0,«3 = 1 and i^k-l = f° r k > 3, %2k = dimL^_ x for 
k > 2. 

If A is not symmetrizable, then 11=12 = 13 = 0,^4 = dimL^_ x — 1 and i2k-i = 0, Z2fc = 
dimL^^ for > 3. 
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